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Abstract
In this paper we consider compactifications of heterotic strings in the presence of
background flux. The background metric is a T2 fibration over a K3 base times four-
dimensional Minkowski space. Depending on the choice of three-form flux different
amounts of supersymmetry are preserved (N=2,1,0). For supersymmetric solutions
unbroken space-time supersymmetry determines all background fields except one scalar
function which is related to the dilaton. The heterotic Bianchi identity gives rise to a
differential equation for the dilaton which we discuss in detail for solutions preserving
an N=2 supersymmetry. In this case the differential equation is of Laplace type and
as a result the solvability is guaranteed.
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1 Introduction
In this paper we study different aspects of string theory compactifications in the pres-
ence of background flux. Our main focus is the heterotic string compactified to four
dimensions with background NS three-form H. Compactifications of heterotic strings
are interesting, both from the phenomenological and from the mathematical point of
view. In general, unbroken supersymmetry requires the background in a compactitifi-
cation of the heterotic string to be a complex space with an hermitian metric but does
not require the space to be Ka¨hler. If the background is non-Ka¨hler the NS three-
form is non-vanishing and the deviation from “Ka¨hlerity” is measured by the flux. On
these spaces there exists a globally defined two-form J which is no longer closed. Its
derivative is rather related to the flux by [1][2]
H = i(∂ − ∂¯)J. (1.1)
While the Ka¨hler case, like Calabi-Yau and torus compactifications, have been inten-
sively studied much less is known about the generic case in which the compactification
manifold is no longer Ka¨hler. From the mathematical point of view algebraic geometry
techniques are still missing even though some progress has been made in describing
these spaces with an explicit metric [3].
We will consider torsional heterotic backgrounds which are a T2 fibered over a K3
base. Depending on the choice of flux different amounts of four-dimensional super-
symmetry are preserved. While solutions preserving an N=2,1 supersymmetry have
been discussed before in the literature, starting with ref.[4] (see in particular [5][6]), the
supersymmetry breaking solutions are new. We explicitly check that the backgrounds
solve the equations of motion. For solutions preserving an N=1,0 supersymmetry we
check this at the SUGRA level. While for solutions preserving an N=2 supersymmetry
we show how to solve the equations of motion including the first α′ correction. The
spinor equations determine the background except one scalar function related to the
dilaton. The Bianchi identity for H gives rise to a differential equation for this scalar
function which is of Laplace type.
We start by discussing, and mostly reviewing, flux compactifications of type IIB
string theory on K3×T2 orientifolds (see for example refs.[4][7][8]). Depending on the
choice of flux the solutions preserve an N=2,1,0 supersymmetry in four dimensions. The
backgrounds solve the equations of motion and in the supersymmetric case the spinor
equations. We check this to the leading order in α′, i.e. in the SUGRA approximation.
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This type IIB background is dual to an heterotic SUGRA background with non-
vanishing H-flux and non-trivial dilaton. The duality chain has been described explic-
itly in ref. [4] based on earlier work by Sen [9][10]. The heterotic background metric
is a T2 fibred over a K3 base. We are interested in analyzing α′ corrections to the
heterotic SUGRA background. Even though the heterotic and type IIB backgrounds
are related by duality we will not use duality to obtain the α′ corrected heterotic
background. Rather we will follow a different route and construct the α′ corrected
background directly on the heterotic side. The reason being that the present knowl-
edge about the relevant interactions on the world-volume of Dp-branes and O-planes is
insufficient. So for example, the anomalous couplings described in refs. [11][12][13][14]
[15][16] [17] are not compatible with T-duality and additional dependence on NS-NS
and R-R fields are required to obtain world-volume actions compatible with T-duality.
On the heterotic side, on the other hand, the action and supersymmetry transforma-
tions are known to all relevant orders. The low-energy effective action of the heterotic
string to O(α′3) has been constructed by Bergshoeff and de Roo by supersymmetrizing
the Chern-Simons term [21]. Our goal is to construct the background which solves the
α′ corrected equations of motion.
The duality between type IIB and heterotic flux backgrounds can be explicitly
checked at the level of SUGRA but beyond leading order the duality map makes
predictions about higher derivative corrections to the world-volume action describ-
ing Dp-branes in type IIB theories. Thus, duality, while not being fundamental to
construct heterotic flux backgrounds, can be used as a tool to learn about Dp-brane
effective actions. Furthermore duality to type IIB allows us to speculate about the
effect of fluxes on four-dimensional phenomenology arising from heterotic strings in
generic backgrounds. So for example, the non-trivial heterotic dilaton profile plays a
role similar to the warp factor in type IIB compactifications and in regions with strong
warping could give rise to large hierarchies.
In section 2 we present the type IIB flux backgrounds. To set up our notation
we review the low-energy effective ‘action’ in section 2.1 and derive the equations of
motion of type IIB SUGRA in section 2.2. In section 2.3 we present the background
which solves the equations of motion of type IIB SUGRA and check the amount of
four-dimensional supersymmetry preserved by the different backgrounds in section 2.4.
Taking the type IIB background as a starting point we proceed in section 3 to con-
struct the heterotic flux background. To set up the notation we review in section 3.1
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the heterotic effective action to O(α′) and in section 3.2 we derive the correspond-
ing equations of motion. In section 3.3 we present the background and show that
it solves the SUGRA equations of motion. In section 4 we discuss the α′ corrected
background. We start by presenting explicit results for tr(R ∧R) which are needed to
solve the Bianchi identity and Einstein equation. In section 4.1 we review the proof
that tr(R ∧ R) is a four-form of type (2,2) to leading order in α′, a condition which is
needed for the solvability of the Bianchi identity. In section 4.3, focusing on solutions
with N=2 supersymmetry, we show how to construct the background which solves the
α′ corrected Bianchi identity and supersymmetry transformations.
2 Type IIB SUGRA background
In this section we review type IIB flux backgrounds in which the space-time metric is
a warped product of flat 4d Minkowski space and a K3×T2 orientifold (see refs.[4][7][8]
[23][24]). To set up the notation we start summarizing our conventions for the type IIB
SUGRA ‘action’ together with the corresponding equations of motion. Then we sum-
marize the solutions preserving different amounts of four-dimensional supersymmetry.
The analysis is done at the level of SUGRA, i.e. without taking actions describing
brane sources into account.
2.1 The action
The bosonic part of the type IIB supergravity ‘action’ in the 10d string frame is
S = SNS + SR + SCS. (2.1)
Here SNS is
SNS =
1
2κ2
∫
d10x
√−g e−2φB
[
R + 4(∂φB)
2 − 1
2
|H3|2
]
, (2.2)
while the parts of the action describing the massless R-R sector fields are given by
SR = − 1
4κ2
∫
d10x
√−g
(
|F1|2 + |F˜3|2 + 1
2
|F˜5|2
)
, (2.3)
SCS =
1
4κ2
∫
C4 ∧H3 ∧ F3. (2.4)
In these formulas Fn+1 = dCn, H3 = dB2 and
F˜3 = F3 − C0H3 (2.5)
4
F˜5 = F5 − 1
2
C2 ∧H3 + 1
2
B2 ∧ F3. (2.6)
2.2 Equations of motion
The equations of motion are as follows
d ⋆ F1 = ⋆F˜3 ∧H3,
d ⋆ F˜3 = F˜5 ∧H3,
d ⋆ F˜5 = −F3 ∧H3,
(2.7)
from the R-R fields, and
R − 4(∂φB)2 + 4∇2φB − 1
2
| H3 |2= 0,
d
(
e−2φB ⋆ H3
)
= F1 ∧ ⋆F˜3 − F˜5 ∧ F˜3,
(2.8)
in the NS-NS sector. The variation of the action with respect to the metric leads to
GMN + e
2φB
(
gMN∇2e−2φB −∇M∇Ne−2φB
)
= − 2κ
2
√−g
δStensor
δgMN
e2φB , (2.9)
where GMN is the Einstein tensor and Stensor is the action for all the tensor fields in-
cluding the dilaton. The left hand side arises from the variation of the Einstein-Hilbert
action with the dilaton contribution arising from the non-canonically normalized cur-
vature term.
Moreover, the tensor fields satisfy the Bianchi identities
dH3 = 0,
dF1 = 0,
dF˜3 = H3 ∧ F1,
dF˜5 = H3 ∧ F3.
(2.10)
2.3 The SUGRA background
We are interested in a solution of the 10d equations of motion in which the space-
time contains four non-compact dimensions and six compact dimension. We require
maximal symmetry in the non-compact dimensions which means all tensor fields except
F5 have components along the internal directions only, while F5 is required to take the
form
F˜5 = (1 + ⋆)dα(y) ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3, (2.11)
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where x, y denote the 4d and 6d coordinates respectively.
Moreover, we would like to consider a background which arises as the orientifold
limit of a flux background of M-theory compactified on K3×K3. In this case the RR
axion vanishes and the type IIB dilaton φB is constant. The space-time metric is of
the form
ds2 = e2A(y)+φB/2ηµνdx
µdxν + e−2A(y)+φB/2
(
gijdy
idyj + dw21 + dw
2
2
)
, (2.12)
where gij is the metric of K3 and the factor involving the dilaton arises since this is
the metric in the 10d string frame and e−2A(y) is the warp factor depending on the
coordinates of the internal space only. The function α in (2.11) is related to the warp
factor according to
α(y) = e4A(y). (2.13)
The complex three-form G3 = F˜3 − ie−φBH3 is imaginary self-dual in the internal
dimensions, i.e.
⋆ G3 = iG3. (2.14)
Moreover, the warp factor satisfies the Poisson equation
∇2e−4A(y) + e−φB |H3|2 = 0. (2.15)
Away from the orientifold points this is a solution of the equations of motion as can
be explicitly verified.
Note that the three-form tensor fields H3 and F˜3 are harmonic forms on the internal
part of the space (2.12). It turns out that the Hodge numbers of K3 are
h0,0
h1,0 h0,1
h2,0 h1,1 h0,2
h2,1 h1,2
h2,2
=
1
0 0
1 20 1
0 0
1
(2.16)
and in particular there are no harmonic one-forms or three-forms on K3. As a result
H3 and F˜3 have to be the product of harmonic two-forms on K3, which we will denote
by (h3)i and (f˜3)i and a one-form in the fiber directions, dw
i, i.e.
H3 = (h3)i ∧ dwi and F˜3 = (f˜3)i ∧ dwi, i = 1, 2, (2.17)
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where wi ∼ wi + 1 and
(f˜3)i, (h3)i ∈ H2(K3, ZZ). (2.18)
Moreover, the condition that G3 is imaginary self-dual requires the complex three-form
to be
G3 = g+ ∧ dw¯ + g− ∧ dw, (2.19)
where
dw = dw1 + idw2, (2.20)
and g± can be expanded in (anti)-self dual harmonic two-forms on K3
g+ ∈ H2,0(K3)⊕H0,2(K3)⊕H1,1+ (K3) and g− ∈ H1,1− (K3). (2.21)
There are 3 self-dual two-forms and 19 anti-self dual two-forms which are of type (1, 1)
and primitive. In the following we will see that the different solutions of the equations
of motion preserve different amounts of supersymmetry. In particular, the amount of
unbroken supersymmetry will depend on the choices of two-forms on K3.
2.4 Supersymmetry
Let us represent the dilatino and gravitino fields by Weyl spinors λ and Ψµ, respectively.
Similarly, the infinitesimal supersymmetry parameter is represented by a Weyl spinor
ε. The supersymmetry transformations of the fermi fields of type IIB supergravity (to
leading order in fermi fields) are
δλ =
1
2
(
∂/φB − ieφB∂/C0
)
ε+
1
4
(
ieφBF˜3/ −H3/
)
ε⋆, (2.22)
and
δΨM =
(
∇M + i
8
eφBF1/ ΓM +
i
16
eφBF˜5/ ΓM
)
ε− 1
8
(
2(H3)M/ + ie
φBF˜3/ ΓM
)
ε⋆. (2.23)
Upon reducing to 4d the Lorentz algebra decomposes according to SO(9, 1) →
SO(3, 1)× SO(6). The Weyl spinor ε then decomposes as
16→ (2, 4) + (2′, 4′). (2.24)
Under the further decomposition SO(6)→ SO(4)× SO(2)
4→ (2, 1) + (2′, 1′)
4′ → (2, 1′) + (2′, 1)
(2.25)
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The holonomy of K3 is SU(2) and under the reduction SO(4)→ SU(2)
2→ 1+ 1
2′ → 2.
(2.26)
This means that either 4 or 4′ of SO(6) gives rise to two SU(2) singlets leading to an
N=4 supersymmetry in 4d.
Next we analyze the constraints imposed by the orientifold projection ZZ2 =
Ω(−1)FLI. Writing ε = ε1 + iε2 the different parity transformations act according
to
ε = ε1 + iε2
Ω−→ ε2 + iε1 (−1)
FL−−−−→ −ε2 + iε1 I−→ iΓ⋆(−ε2 + iε1), (2.27)
where Γ⋆ is the chirality operator of SO(2). Combining these operations and requiring
the spinor to be left invariant by the orientifold action imposes
ε = −Γ⋆ε. (2.28)
Before we proceed, lets determine how the spinor projection relates to the one in
the type I string. After two T-dualities on torus, the left moving spinor ε1 is unaffected,
however the right moving spinor ε2, transforms as
ε2 → Γ8Γ9ε2, (2.29)
from which we get the transformation of Eq.(2.28),
(1 + Γ⋆)(ε1 − ε2) = 0 (2.30)
Because the gamma matrix Γ⋆ is pure imaginary in our representation, this condition
leads to ε1 = ε2, the spinor that survives the world sheet projection of type IIB string,
i.e. type I string. This is an alternative way to see how type I string emerges after
performing T-dualities of type IIB orientifold.
Eqn.(2.28) means that spinor has a definite chirality on the torus, which we choose
to be 1 in eqn. (2.25), while 1′ is projected out. As a result the SU(2) singlets which
are not projected out by the orientifold arise from the 4 in eqn. (2.25). The orientifold
breaks the 4d supersymmetry from N=4 to N=2. Moreover, the two 4d spinors are in
the 2 of SO(3, 1) so have the same chirality. We denote the resulting spinors by ηi,
and by an SO(4) transformation we can choose them to satisfy
Γiη1 = Γwη1 = 0 and Γi¯η2 = Γwη2 = 0, (2.31)
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where (yi, y i¯) and (w, w¯) are complex coordinates on K3 and the torus respectively.
Using these supersymmetry transformations the unbroken supersymmetries are
those that satisfy δ(fermi) = 0. Evaluated in the background metric (2.12), using
the relation between the warp factor A(y) and α(y) and the fact that the spinors have
definite 4d chirality the supersymmetry conditions become
∇i
(
e−A/2ε
)
= 0, (2.32)
which is satisfied with a spinor proportional to the covariantly constant spinors on
K3×T2 and
Gmε
⋆ = 0 and Gε = 0. (2.33)
Next we solve the constraints (2.33) and we will check that depending on the choice
of flux different amounts of supersymmetry are preserved. Lets analyze the amount of
unbroken supersymmetry
⊲ if G = g− ∧ dw, then
Gwij¯Γ
ij¯η⋆k = Giwj¯Γ
wj¯η⋆k = Gj¯iwΓ
iwη⋆k = Gwij¯Γ
wij¯ηk = 0, (2.34)
for k = 1, 2. This is solved by requiring G to be primitive with respect to the
base, i.e.
Gwij¯g
ij¯ = 0, (2.35)
while both spinors ηk for k = 1, 2 are non-vanishing. Since g− are expanded in a
basis of anti-self dual (1,1) forms eqn. (2.35) is always satisfied. This leads to an
N=2 supersymmetry in 4d.
⊲ if G = g2,0+ ∧ dw¯, eqn. (2.33) requires
Gw¯ijΓ
ijη⋆2 = 0, (2.36)
which is solved by η2 = 0, while the conditions on η1 are
Gw¯ijΓ
ijη⋆1 = Giw¯jΓ
w¯jη⋆1 = Gijw¯Γ
ijw¯η1. (2.37)
These conditions are always satisfied which implies that the 4d supersymmetry
arising from η1 is unbroken. This flux configuration leads to an N=1 supersym-
metry in 4d.
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⊲ if G = g0,2+ ∧ dw¯, eqn. (2.33) requires
Gw¯i¯j¯Γ
i¯j¯η⋆k = Gi¯w¯j¯Γ
w¯j¯η⋆k = Gj¯i¯w¯Γ
i¯w¯η⋆k = Gw¯i¯j¯Γ
w¯i¯j¯ηk = 0, (2.38)
for k = 1, 2. These conditions are solved by requiring η1 = 0 while η2 6= 0
and as a result there is an N=1’ unbroken supersymmetry in 4d. We label
this supersymmetry with N=1’ since it preserves a different subgroup of the
supersymmetry than the Gw¯ij component.
⊲ if G = g1,1+ ∧ dw¯, eqn. (2.33) requires η1 = η2 = 0 and supersymmetry is
completely broken.
3 Heterotic SUGRA background
In this section we analyze the heterotic flux backgrounds. To set up the notation we
review the heterotic low-energy effective action to O(α′2) in section 3.1. In section 3.2
we summarize the equations of motion. In section 3.3 we present the backgrounds solv-
ing the SUGRA equations to leading order in α′. In section 3.4 we analyze the amount
of unbroken four-dimensional supersymmetry. This section is confined to solutions
solving the SUGRA equations to leading order in α′ and the corrected background is
discussed in section 4.
3.1 The action
The bosonic part of the heterotic supergravity action to O(α′2) in the 10d string frame
is [18][19][20][21][22]
Shet =
1
2κ2
∫
d10x
√−ge−2φh
[
R + 4(∂φh)
2 − 1
2
|H|2 − α
′
4
tr(F2 −R2+)
]
, (3.1)
where
H = dB + α
′
4
ω3, (3.2)
is the NS three-form and F = dA + A ∧ A is the gauge field strength. Moreover,
ω3 = ωL − ωYM is given in terms of the Lorentz and Yang-Mills Chern-Simons three-
forms
ωL = tr
(
Ω+ ∧ dΩ+ + 2
3
Ω+ ∧ Ω+ ∧ Ω+
)
and ωYM = tr
(
A ∧ dA+ 2
3
A ∧A ∧ A
)
.
(3.3)
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The contribution to the action which is quadratic in the Riemann tensor is
trR2+ =
1
2
RMNAB(Ω+)R
MNAB(Ω+), (3.4)
while the quadratic term in F is the standard gauge field kinetic term. Note that
the Einstein-Hilbert action is formulated in terms of the spin connection while the
quadratic term in the Riemann tensor is expressed in terms of a connection involving
the NS three-form which explicitly is defined by
ΩAB
± M
= ΩABM ± 1
2
HABM . (3.5)
Also, we will follow ref. [21] according to which the action involves the Ω+ connection
while the supersymmetry transformations involve the Ω− connection. The supersym-
metry tranformations will be described in more detail below.
3.2 Equations of motion
The equations of motion arising from the action presented in the previous section are
⊲ for the dilaton
R− 4(∇φh)2 + 4∇2φh − 1
2
|H|2 − α
′
4
tr(F2 − R2+) = 0, (3.6)
⊲ for B
d(e−2φh ⋆10 H) = 0, (3.7)
⊲ for the metric
RMN + 2∇M∇Nφh − 1
4
HMPQHNPQ+
α′
4
[RMPQR(Ω+)RN
PQR(Ω+)− FMPFNP ] = 0,
(3.8)
⊲ for the Yang-Mills field
e2φhd(e−2φh ⋆10 F) +A ∧ ⋆10F − ⋆10F ∧A+ F ∧ ⋆10H = 0. (3.9)
The Bianchi identities are
dH = α
′
4
[tr(R+ ∧R+)− tr(F ∧ F)] and dF + [A,F ] = 0. (3.10)
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3.3 The SUGRA background
In the following, we present the background that solves the SUGRA equations of motion
to leading order in α′ (see ref.[4][5][6] for supersymmetric backgrounds). As we will see
non-trivial solutions of the Bianchi identity exist only for non-compact backgrounds.
This conclusion is modified once α′ corrections are taken into account.
The background metric is
ds2het = ηµνdx
µdxν + e−4A(y)gijdy
idyj + Ew1Ew1 + Ew2Ew2 , (3.11)
where
Ew1 = dw1 +Biw1dy
i and Ew2 = dw2 +Biw2dy
i, (3.12)
and Bwk = Biwkdy
i, for k = 1, 2 are one-forms on the base. These one-forms are
constrained by the condition that
Hw1 = dBjw1dy
j and Hw2 = dBjw2dy
j, (3.13)
are harmonic non-trivial two-forms on K3. Note that Ewk have to be globally defined
since otherwise the metric is not be globally defined. As a result on the 6d space
Hwk = dEwk become exact even though these forms are non-trivial on K3. We will
expand Hwk in harmonic non-trivial two-forms on K3. Depending on the choice of flux
different amounts of 4d supersymmetry will preserved as we will see in the next section.
The three-form is
H = e2φh ⋆6 d
(
e−2φhEw1 ∧ Ew2) = ⋆bde−4A(y) − ⋆bHw1 ∧ Ew1 − ⋆bHw2 ∧ Ew2, (3.14)
where ⋆6 denotes the Hodge dual with respect to the 6d internal space and ⋆b denotes
the Hodge dual with respect to the unwarped base.
The dilaton is given by
φh = −2A(y). (3.15)
The Yang-Mills field is assumed to be a two-form on K3 only and to satisfy the
hermitian Yang-Mills equations, i.e.
Fij¯J ij¯ = 0 and Fij = Fi¯j¯ = 0. (3.16)
Here J is the Ka¨hler form of K3.
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Moreover, A(y) is a scalar function depending on the coordinates of the base only.
To leading order it is required to solve the differential equation
∇2e−4A(y)+ | Hw1 |2 + | Hw2 |2= 0. (3.17)
Next we show that this background satisfies the equations of motion to leading
order in α′. The equation of motion of B is satisfied since (3.14) implies
⋆10 H = −e2φhd
(
e−2φhEw1 ∧ Ew2) ∧ dx0123. (3.18)
The equation of motion for the metric has several components
(µ, ν), (i, j), (w1, i), (w2, i), (w1, w2). (3.19)
The (i, j) component, with two indices on K3, is satisfied assuming A(y) solves (3.17).
Moreover, it is easy to see that all other components vanish to this order in α′.
Next we consider the dilaton equation of motion. Using the metric (3.11) to com-
pute the scalar curvature R, the dilaton equation of motion is solved assuming A(y)
solves eqn. (3.17). On the other hand the Bianchi identity leads to
dH = − (∇2e−4A(y)+ | Hw1 |2 + | Hw2 |2) ⋆b 1 = 0, (3.20)
which again is solved after imposing eqn. (3.17)
Note that eqn. (3.17) only has non-trivial solutions if the internal space is non-
compact. Below we will describe in detail how to construct compact solutions by going
beyond the leading order in α′.
3.4 Supersymmetry
Next let us analyze the supersymmetry of the solutions of the equation of motion. The
supersymmetry transformations leaving the 10d heterotic string frame effective action
invariant are
δΨM = ∇Mε− 1
4
HM/ ε,
δλ = /∂φhε− 1
2
H/ ε,
δχ = 2F/ ε,
where ΨM is the gravitino, λ the dilatino and χ the gaugino. All spinors are Majorana-
Weyl. The covariant derivative of a spinor is defined according to
∇Mǫ = ∂Mε+ 1
4
ΩABMΓABε, (3.21)
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where Ω is the spin connection. Note that the gravitino variation can then be written
in the form
δΨM = ∂Mε+
1
4
ΩAB
− M
ΓABε, (3.22)
where
ΩAB
± M
= ΩABM ±
1
2
HABM . (3.23)
Explicitly the components of the spin connection are
Ωw1
± a
=
1
2
e2A(Hw1 ∓ ⋆bHw1)abeb,
Ωw2
± a
=
1
2
e2A(Hw2 ∓ ⋆bHw2)abeb,
Ωa
±b
=2 [∂aAeb − ∂bAea ∓ (⋆bdA)abcec] + ωab
− 1
2
e4A(Hw1 ± ⋆bHw1)abEw1 −
1
2
e4A(Hw2 ± ⋆bHw2)abEw2 .
(3.24)
Note the sign differences between the first two components of the spin connection
and the last one. These sign differences will play a crucial role in the supersymmetry
analysis.
Under the decomposition SO(9, 1)→ SO(3, 1)× SO(6) a 10d Weyl spinor decom-
poses as 16→ (2, 4) + (2′, 4′). Imposing the Majorana condition we set
ǫ = ζ ⊗ η + ζ⋆ ⊗ η⋆, (3.25)
where ζ ⊗ η transforms as (2, 4). Since the complex conjugate is not an independent
spinor each 6d Weyl spinor gives rise to one minimal 4d supersymmetry.
Lets solve the supersymmetry constraints. The gravitino condition with the index
in the external space-time is satisfied if the spinor does not depend on the coordi-
nates of the external space-time. Projecting onto spinors with definite 4d chirality the
supersymmetry conditions become
∇Mη − 1
4
HM/ η = 0,
/∂φhη − 1
2
H/ η = 0,
F/ η = 0,
which are equations constraining the 6d spinor η. To solve this supersymmetry condi-
tions the spinor η has to satisfy
∂wiη = 0 and ∂iη +
1
4
ωabiγabη = 0, (3.26)
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i.e. η is a covariantly constant spinor on the base. We denote the two covariantly
constant spinors of K3 by ηk, k = 1, 2. Moreover, we require ηk to solve
(Hw1 − ⋆bHw1)abγabηk = (Hw2 − ⋆bHw2)abγabηk = 0,
(Hw1 + ⋆bHw1)abγ
w1aηk + (Hw2 + ⋆bHw2)abγ
w2aηk = 0,
(3.27)
which after introducing complex coordinates w = w1 + iw2, so that
Hw =
1
2
(Hw1 − iHw2) and Hw¯ =
1
2
(Hw1 + iHw2), (3.28)
take the form
[(1− ⋆b)Hw]ab γabηk = 0,
[(1− ⋆b)Hw¯]ab γabηk = 0,
[(1 + ⋆b)Hw]abγ
waηk + [(1 + ⋆b)Hw¯]abγ
w¯aηk = 0.
(3.29)
Note that the contributions involving the warp factor arising from the spin con-
nection components Ωab
± c
and contributing to the component of the gravitino variation
along the base cancel since the two spinors ηk have positive chirality on the base i.e.
− γ1234ηk = ηk k = 1, 2. (3.30)
Now depending on the choice of flux different amounts of supersymmetry are pre-
served [6]. The different cases are
⊲ ifHw is proportional to an anti-self dual (1,1) form on the K3 base, the conditions
(3.29) are satisfied for both spinors ηk, k = 1, 2. An N=2 supersymmetry is
preserved in 4d. Indeed, the third condition is trivially satisfied and the first
two conditions are satisfied since the anti-self dual (1,1) forms are primitive with
respect to the base.
⊲ if Hw is proportional to the self-dual (0,2) form on the base the supersymmetry
generated by η1 is preserved while η2 = 0. There is an N=1 unbroken supersym-
metry in 4d.
⊲ if Hw is proportional to the self-dual (2,0) form on the base the supersymmetry
generated by η2 is unbroken while η1 = 0. There is an N=1’ unbroken supersym-
metry in 4d.
⊲ if Hw is proportional to the self-dual (1,1) form on the base (3.29) requires the
two spinors to vanish. So N=0 in 4d.
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4 The α′ corrected torsional heterotic geometry
In this section we will consider α′ corrections to the torsional heterotic geometries. We
will see that these α′ corrections to the background are required since otherwise the
α′ corrected equations of motion are not satisfied. Once the background is corrected
in α′ compact solutions become possible. As a first step to solve the Bianchi identity
we need to compute tr(R+ ∧R+), which appears on the right hand side of the Bianchi
identity.
4.1 tr(R+ ∧R+)
In general, the curvature two-form is defined by
RAB = dΩ
A
B + Ω
A
C ∧ ΩCB, (4.1)
for some connection Ω. According to Bergshoeff and de Roo [21] the connection used
in the supersymmtry transformations is Ω− while in the Bianchi identity the Ω+ con-
nection is used. The connection coefficients are
Ωwk+ a =
1
2
e2A(Hwk − ⋆bHwk)ijeiadyj, k = 1, 2
Ωa+b =σ
a
b + ω
a
b − 1
2
(Hwk + ⋆bHwk)ijE
i
cE
j
bη
acEwk ,
(4.2)
where, the last term involves a sum over k = 1, 2. We denote with Ea the vielbeine of
the warped base while ea are those of the unwarped K3. Moreover,
σab = 2 [∂aAeb − ∂bAea − (⋆bdA)abcec] . (4.3)
Note that σab is self-dual in its indices, i.e. it satisfies
σab =
1
2
εabcdσ
cd. (4.4)
We are denoting the spin connection coefficients and curvature two-form of the K3 base
by ωab and r
a
b.
Before describing in detail the results for the curvature two-form and tr(R+ ∧R+),
where R+ is computed with respect to the Ω+ connection, we will first establish that
the curvature two-form of the torsional space is of type (1,1) to leading order in α′
if computed with respect to the Ω+ connection. This implies that tr(R+ ∧ R+) is a
(2,2) form which is a necessary condition for the Bianchi identity to admit a non-
trivial solution. Indeed, up to terms of O(α′2) unbroken supersymmetry requires the
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flux and the fundamental (1,1) form to be related according to H = i(∂ − ∂¯)J . As a
result dH = −2i∂∂¯J is a (2,2) form. This is the left hand side of the Bianchi identity.
The right hand side of the Bianchi identity is tr(R+ ∧ R+), which is required to be a
four-form of type (2,2) since otherwise the background is over-constrained.
Here we follow the presentation of ref. [29]. By definition
ΩAB+ M = Ω
AB
M +
1
2
HABM , (4.5)
which implies that the connection in the coordinate basis is modified to
ΓJ+IK = G
JL(EAL∂IE
A
K + Ω
AB
+ I
EALE
B
K) = Γ
J
IK −
1
2
HIKJ . (4.6)
By definition
ΓJIK =
1
2
gJN (∂IgNK + ∂KgNI − ∂NgIK) . (4.7)
Supersymmtry requires H to be related to the derivative of the metric according to
HMNP¯ = −∂MgNP¯ + ∂NgMP¯ , (4.8)
and the complex conjugate. Here we have introduced complex coordinates. Using the
fact that the metric of the torsional space is hermitian eqn. (4.7) implies that the
non-vanishing connection coefficients are
ΓI+JK = g
IN¯∂JgKN¯ and Γ
I
+JK¯ = g
IN¯∂K¯gJN¯ − gIN¯∂N¯gJK¯ . (4.9)
So in contrast to Ka¨hler geometry there are connection coefficients with mixed indices.
The Riemann tensor is obtained from the connection coefficients according to
RMN
K
L = ∂MΓ
K
NL − ∂NΓKML + ΓKMRΓRNL − ΓKNRΓRML, (4.10)
and the curvature two-form is related to the Riemann tensor according to
RAB =
1
2
RCD
A
BE
CED. (4.11)
Introducing complex coordinates it is not difficult to see that
R+MN
K
L = R+MN
K¯
L = R+MN
K¯
L¯ = 0. (4.12)
Moreover,
R+M¯N¯
K¯
L = g
PK¯
(
gP [N¯,M¯ ]L − gL[N¯,M¯ ]P
)
= O(α′). (4.13)
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This quantity is subleading since the right hand side is the (2,2) component of dH
which is O(α′) after using the Bianchi identity. Therefore we conclude that to leading
order in α′, tr(R+ ∧ R+) is of type (2,2).
Next we present the explicit results for the curvature two-forms and tr(R+ ∧ R+)
and show how to solve the Bianchi identity. We will focus on solutions with N=2
supersymmetry.
4.2 N=2 background at O(α′)
In this case the forms Hwi are proportional to anti-self dual (1,1) forms on the K3 base.
From (4.2) we see that the only non-vanishing components of the spin connection are
Ωwk+ a =e
2A(Hwk)ije
i
ady
j, k = 1, 2
Ωa+b =σ
a
b + ω
a
b.
(4.14)
In this case the curvature two-form computed with respect to the Ω+ connection is
a two-from on K3 explicitly given by
Rw1w2 = −e4A(Hw1)a(Hw2)a
Rawk = −∇[e2A(Hwk)a]− e2A(Hwk)bσba, k = 1, 2
Rab = r
a
b +∇σac + σacσcb − e4A(Hwk)a(Hwk)b,
(4.15)
where rab is the curvature two-form of K3 and∇ is the covariant derivative with respect
to the ωab connection. Explicitly
∇σab = dσab + ωacσcb + σacωcb. (4.16)
A convenient way to compute tr(R+∧R+) is to use the Chern-Simons formula which
relates the results for tr(R ∧R) computed with two connections Γ and Γ˜ according to
tr(R ∧ R)− tr(R˜ ∧ R˜) = dQ(Γ, Γ˜), (4.17)
where
Q(Γ, Γ˜) = 2α ∧ R− α ∧ dα− 2α ∧ Γ ∧ α + 2
3
α ∧ α ∧ α (4.18)
where α = Γ− Γ˜. Setting
Γ˜ab = Ω
a
+b
and Γ˜wka = Ω+
wk
a
Γab = Ω
a
+b
and Γwka = 0, k = 1, 2,
(4.19)
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or in other words choosing
αab = 0 and α
wk
a = −e2A(Hwk)ijeiadyj, (4.20)
we obtain
tr(R+ ∧R+) = tr[R(Γ) ∧R(Γ)] + 2d
{
e2A(Hwk)b∇[e2A(Hwk)b] + e4A(Hwk)bσbc(Hwk)c
}
,
(4.21)
where
tr[R(Γ) ∧ R(Γ)] = −(∇σab + rab + σacσcb)(∇σba + rba + σbcσca) (4.22)
This result can be further simplified by using the Chern-Simons formula again, this
time with
Γ˜ab = ω
a
b and Γ
a
b = ω
a
b + σ
a
b. (4.23)
The result is
tr[R(Γ) ∧ R(Γ)] = tr(r ∧ r)− 24d [2(∇2A) ⋆ dA− ⋆d(∇A)2 − 8(∇A)2 ⋆ dA] . (4.24)
A straightforward but tedious computation then shows
tr(R+ ∧ R+) =tr(r ∧ r) + 4d ⋆b d
(∇2A)+
d ⋆b d
[
(∇2e−4A + |H|2)e4A]+
2d
[
(∇2e−4A + |H|2) ⋆b de4A
]
,
(4.25)
where
|H|2 = |Hw1|2 + |Hw2|2. (4.26)
Note that the last two lines in eqn. (4.25) involve the leading order equation of motion
(3.17). Thus we establish that for solutions preserving an N=2 supersymmetry in
four dimensions tr(R+ ∧R+) is a (2,2) form with components along the K3 base only.
Note that this fact is a consequence of having used the Ω+ connection to compute
tr(R+ ∧ R+). Since tr(R+ ∧ R+) has components along the base only the fiber is not
required to be of O(α′) and can be chosen to be large.
Next we will use this result and solve the Bianchi identity
dH = α
′
4
[tr(R ∧ R)− tr(F ∧ F)] (4.27)
to O(α′).
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First we note that the second and third line on the right hand side of Eq.(4.25) are
proportional to the dual of dH and are therefore O(α′). As a result they contribute to
the Bianchi identity only to O(α′2). Keeping all terms up to O(α′) the Bianchi identity
becomes
d ⋆b de
−4A− ⋆bHwk ∧Hwk +O(α′) =
α′
4
[tr(r ∧ r)− tr(F ∧F)] + α′d ⋆b d(∇2A). (4.28)
Here we have allowed a correction to O(α′) on the left hand side. Since the super-
symmtry transformations receive only corrections at O(α′2) any corrections to the left
hand side of eqn.(4.28) have to solve the leading order supersymmetry conditions. Since
the supersymmtry conditions do not determine A(y) we can redefine the warp factor
and still obtain a supersymmetric situation. In particular if we define
e−4A
′
= e−4A + α′∇2A. (4.29)
and allow the background to receive an O(α′) correction according to
φh = −2A′(y),
H = ⋆bde−4A′(y) − ⋆bHw1 ∧ Ew1 − ⋆bHw2 ∧ Ew2
ds2het = ηµνdx
µdxν + e−4A
′(y)gijdy
idyj + Ew1Ew1 + Ew2Ew2
(4.30)
supersymmtry will still be preserved. To this order in α′ the Bianchi identity becomes
an equation of Laplace type, namely
d ⋆b de
−4A − ⋆bHwk ∧Hwk =
α′
4
[tr(r ∧ r)− tr(F ∧ F)]. (4.31)
Note that we have obtained a linear differential for the dilaton even though the
Bianchi identity could, in principle, lead to a highly non-linear differential equation.
This fact depends crucially on choosing the Ω+ connection to construct tr(R+ ∧ R+).
There is a preferred set of fields for which this connection is required by space-time
supersymmetry as shown by Bergshoeff and de Roo [21]. A different choice of connec-
tion is always possible but it leads to a different choice of fields for which in general
the supersymmetry transformations will receive corrections at O(α′). We have found a
differential equation of Laplace type using the Ω+ connection and the solvability of the
equation is immediate if the integrated equation is satified. Choosing the hermitian
connection, on the other hand, will lead to a highly non-linear differential equation of
Monge-Ampere type as shown in refs. [25][26] .
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In the following we will show that the α′ corrected background solves the equations
of motion presented in section 3.2. First we note that the equation of motion of B is
satisfied since in the background (4.30)
⋆10 H = −e2φhd
(
e−2φhEw1 ∧ Ew2) ∧ dx0123. (4.32)
The Bianchi identity for H is solved by construction.
To solve the equations of motion for the metric we first establish some properties
of the Riemann tensor. First, the Ricci tensor of the torsional metric is
Rij = 4∇i∂jA′ + 8∂iA′∂jA′ − 1
2
e4A
′
HwkaiH
wka
j + gij
[
2∇2A′ − 8(∂A′)2] , (4.33)
where (i, j) are indices on the base and ∇i involves connections on the base only. Note
that this derivative is not identical to∇(6)i , which is the covariant derivative constructed
with respect to the connections on the six-dimensional torsional space. So for example
∇(6)i ∂jφh = ∇i∂jφh − 8∂iA′∂jA′ + 4gij(∂A′)2. (4.34)
Up to terms of O(α′) the curvature two-form constructed from the Ω+ connection
RA+B satisfies
⋆b R+
A
B = −R+AB +O(α′) (4.35)
This condition can be derived using the integrability condition of the supersymmetry
constrain on the gravitino
[∇−M ,∇−N ] ε =
1
4
R−MNPQΓ
PQε = 0, (4.36)
which implies
R−MNPQJ
PQ = 0. (4.37)
Moreover, one has
R−PQMN = R+MNPQ − 2∇[PHMNQ] = R+MNPQ +O(α′), (4.38)
which implies
R+PQMNJ
PQ +O(α′) = 0. (4.39)
From here we obtain the following identity
R+mPABR+n
PAB =
1
4
R+PQABR+
PQABgmn +O(α
′) (4.40)
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where now (m,n) are indices on the K3 base only, while if these indices are along the
fiber the result vanishes. Also,
tr(R+ ∧R+) = −1
2
R+PQABR+
PQAB ⋆b 1 +O(α
′). (4.41)
Using the above result for the curvature we can now verify the equation of motion
for the metric and the dilaton. The only non-trivial component of the Einstein equation
is the (M,N) = (m,n) component with both indices along the base. All terms, except
the ones proportional to the base metric gmn cancel. The coefficient of gmn, on the
other hand, turns out to be the Hodge dual of the Bianchi identity (4.31), as can be
verified with a bit of patience. As a result the Einstein equation, Bianchi identity and
equation of motion for B are satisfied. Explicit computation shows that also the dilaton
equation of motion is solved.
We end by describing torsional spaces with an N=2 supersymmetry in which the
twist of the fiber is ‘exchanged’ by vacuum expectation values of abelian gauge fields.
This type of solutions were suggested in refs. [27][28]. In this case the torus fiber is
not twisted and the background fields are
ds2 = ηµνdx
µdxν + e−4A
′(y)gijdy
idyj + dw21 + dw
2
2,
H = ⋆bde−4A′(y),
F = Fij¯dyidy j¯,
φh = −2A′(y),
(4.42)
where now an abelian gauge field is included as part of the background and F is an
anti-self dual form on K3. This background solves the supersymmetry constraints
preserving an N=2 supersymmtry. Moreover, it is not difficult to see that the Bianchi
identity reduces to the differential equation
−∇2e−4A(y) ⋆b 1 =α
′
4
[tr(r ∧ r)− tr(F ∧ F)]
+
3α′
4
d(∇2e−4A ⋆b de4A)
+
α′
4
d(e4A ⋆b d∇2e−4A).
(4.43)
The computation of tr(R+ ∧R+) for these solutions is greatly simplified since the fiber
is not twisted. In this case the second and third lines on the right hand side of eqn.
(4.43) are again corrections of order O(α′2) or higher and can only be consistently
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taken into account once the supersymmetry transformations are corrected to O(α′2).
Therefore to O(α′) the differential equation is again of Laplace type and solvability is
guaranteed. The form of the O(α′2) corrections to the supersymmetry transformations
has been described in ref. [21]. The analysis to O(α′2) of solutions preserving an N=2
supersymmetry and the solvability of the Bianchi identity for backgrounds preserving
an N=1 supersymmetry is currently under investigation [30].
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A Conventions
In this appendix, we summarize our conventions and quote some useful formulas.
We use indices
M,N, . . . µ, ν, . . . , i, j, . . . , w1, w2, (A,B, . . . α, β, . . . , a, b, . . . , w1, w2)
to denote the coordinate (non-coordinate) bases of any six-dimensional space, of four-
dimensional Minkowski space-time, of the base and of the fiber, respectively. For
coordinates on the four-dimensional base of the six-dimensional space, we use yi while
we denote the fiber coordinates by wi, i = 1, 2.
We define the chirality operators
Γ(4) = −iΓ0Γ1Γ2Γ3, Γ(4′) = −Γ4Γ5Γ6Γ7, Γ⋆ = −iΓ8Γ9 (A.1)
where Γ(4), Γ(4
′), and Γ⋆ are the chirality operators for external space, K3 base and the
T 2 fibre, from which we get
Γ(10) = Γ(4)Γ(4
′)Γ⋆ = Γ
0 · · ·Γ9 (A.2)
for the 10d space. In type the IIB theory, the 10d spinor ε satisfies
Γ(10)ε = −ε (A.3)
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We also choose the orientation
ǫ4567w1w2 = −1. (A.4)
The Riemann tensor is defined by
Rµν
A
B = ∂µΩ
A
Bν − ∂νΩABµ + ΩACµΩCBν − ΩACνΩCBµ (A.5)
and
trR ∧ R = RAB ∧RAB. (A.6)
We use the notation
Hwi =
1
2
Hwiabe
a ∧ eb, (Hwi)a = Hwiabeb, Hwiab = Hwimnema enb (A.7)
and
|H|2 = 1
2
Hw1abHw1
ab +
1
2
Hw2abHw2
ab (A.8)
with ea the vielbein for unwarped K3 base.
To compute the trR ∧ R, it is convenient to use the following results
AijA
i
k =
1
4
AmnA
mngjk, SijS
i
k =
1
4
SmnS
mngjk
AijS
i
k = AikS
i
j, AijS
ij = 0
Aij = −1
2
ǫij
klAkl, Sij =
1
2
ǫij
klSkl
(A.9)
where Aij are the components of any anti-self-dual two form on the K3 base, and Sij
are the components of any self-dual two form on the K3 base.
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